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RIDIGITY OF RICCI SOLITONS WITH WEAKLY HARMONIC WEYL
TENSORS
SEUNGSU HWANG AND GABJIN YUN∗
Abstract. In this paper, we prove rigidity results on gradient shrinking Ricci solitons with
weakly harmonic Weyl curvature tensors. Let (Mn, g) be a compact gradient shrinking Ricci
soliton satisfying Ricg + Ddf = ρg with ρ > 0 constant. We show that if (M, g) satisfies
δW(·, ·,∇f) = 0, then (M, g) is Einstein. Here W denotes the Weyl curvature tensor. In the
case of noncompact, if M is complete and satisfies the same condition, then M is rigid in the
sense that M is given by a quotient of product of an Einstein manifold with Euclidean space.
These are generalizations of the previous known results in [7], [9] and [14].
1. Introduction
A complete Riemannian metric g on a smooth manifold Mn is called a Ricci soliton if there
exist a constant ρ and a smooth 1-form ω such that
2rg + Lω♯g = 2ρg,(1.1)
where rg is the Ricci tensor of the metric g, ω
♯ is the vector field that is dual to ω, and Lω♯
denotes the Lie derivative along ω♯. Since
Lω♯g(X, Y ) = DXω(Y ) +DY ω(X)
for any vector fields X and Y , (1.1) is equivalent to
2rg(X, Y ) +DXω(Y ) +DY ω(X) = 2ρg(X, Y ).(1.2)
Moreover, if there exists a smooth function f on M such that ω = df , then g is called a
gradient Ricci soliton. The Ricci soliton is said to be shrinking, steady or expanding according
as ρ > 0, ρ = 0, or ρ < 0, respectively. In the case of a gradient Ricci soliton, (1.2) becomes
rg +Ddf = ρg.(1.3)
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Clearly, Einstein metrics are Ricci solitons with f being trivial. Another interesting special
case occurs when f(x) = ρ
2
|x|2 on Rn. In this case,
Ddf = ρg,
which gives a gradient Ricci soliton where the background metric is flat. This example is called
a Gaussian.
Generalizing the trivial Ricci solitons, Petersen and Wylie ([12]) introduced the notion of
rigidity for gradient Ricci solitons. A gradient Ricci soliton is said to be rigid if it is isometric
to a quotient of N × Rk, where N is an Einstein manifold and f = ρ
2
|x|2 on the Euclidean
factor. That is, the Riemannian manifold (M, g) is isometric to N ×Γ R
k, where Γ acts freely
on N and by orthogonal transformations on Rk. When M is compact, a Ricci soliton (M, g) is
rigid if and only if it is Einstein. The rigidity of gradient Ricci solitons has been studied, for
example, in [7, 10, 12, 13]. Note that Einstein manifolds have harmonic Weyl tensor, and Ricci
solitons can be considered as generalizations of Einstein metrics. Therefore, it is natural to ask
about the relation between rigidity and harmonicity of the Weyl tensor on a Ricci soliton. In
this regard, Cao-Wang-Zhang ([2]), Ni-Wallach ([11]), and Petersen-Wylie ([14]) have studied
the classification of complete gradient shrinking Ricci solitons with vanishing Weyl curvature
tensor under certain assumptions on the Ricci curvature. In [7], Ferna´ndez-Lope´z and Gar´ıa-
Rı´o proved that if (M, g) is a compact Ricci soliton, then (M, g) is rigid if and only if it has
harmonic Weyl tensor. We say that a Riemannian manifold (M, g) has harmonc Weyl tensor
if δW = 0, or equivalently if rg −
sg
2(n−1)
g is a Codazzi tensor, where W and sg denote the Weyl
curvature tensor and the scalar curvature of the metric g, respectively, and δ is the divergence
operator, which is the adjoint of the differential operator d acting on tensors. In [9], Munteanu
and Sesum extended these results to show that any n-dimensional complete gradient Ricci
soliton with harmonic Weyl tensor is a finite quotient of Rn, Sn−1 × R, or Sn.
In this paper, we consider gradient shrinking Ricci solitons with weakly harmonic Weyl
tensor. A gradient Ricci soliton (M, g, f) is said to have weakly harmonic Weyl tensor if
δW(·, ·,∇f) = 0.(1.4)
Note that this class includes gradient Ricci solitons (M, g) that have locally conformally flat
metrics or more generally harmonic Weyl tensors.
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Some results exist concerning gradient Ricci solitons and quasi-Einstein manifolds (M, g, f)
for n ≥ 3, with a relaxed Weyl curvature condition rather than a local conformal flatness
or a harmonic Weyl curvature condition. For example, G. Catino ([3]) studied generalized
quasi-Einstein manifolds with harmonic Weyl tensor such thatW(∇f, ·, ·, ·) = 0. In particular,
he proved that the condition W(∇f, ·, ·, ·) = 0 for a quasi-Einstein manifold implies that the
conformal metric g˜ = e−
2
n−2
fg has harmonic Wely tensor. P. Petersen and W. Wylie ([13])
proved a classification theorem on complete gradient Ricci solitons (Mn, g, f) for n ≥ 3 with
constant scalar curvature, and W(∇f, ·, ·,∇f) = o (|∇f |2).
In this paper, we prove that if (M, g) is a compact gradient shrinking Ricci soliton having
weakly harmonic Weyl curvature tensor, then (M, g) is Einstein.
Theorem A Let (Mn, g, f) be a compact gradient shrinking Ricci soliton, and uppose that
δW(·, ·,∇f) = 0. Then (M, g) is Einstein.
In the case of a noncompact Ricci soliton, we prove the following rigidity reult which is
exactly the same property as when (M, g) is locally conformally flat or has harmonic Weyl
curvature.
Theorem B Let (Mn, g, f) be a complete noncompact gradient shrinking Ricci soliton, sup-
pose that δW(·, ·,∇f) = 0. Then (M, g) is rigid.
One of main ingredients in proving the rigidity of Ricci solitons with vanishing Weyl cur-
vature tenosr is that the condition δW makes it possible to compute the divergence of the
full Riemannian curvature tensor R. Therefore, by using an integral identity containing the
divergence of R as an integrand, one can show that the scalar curvature must be constant.
However, in the case of a weakly harmonic Weyl curvature tensor, it is not easy to deduce
the divergence of R. Thus, we must find an alternative approach to prove our rigidity result for
Ricci solitons with weakly harmonic Weyl curvature tensor. The key observation concerning
a gradient shrinking Ricci soliton satisfying δW(·, ·,∇f) = 0 is the following. If (M, g, f) is a
gradient Ricci soliton having weakly harmonic Weyl tensor, then two gradient vector fields ∇sg
and ∇f are parallel, and this property implies that sg, |∇f |
2, and rg(∇f,∇f) are all constant
along each level hypersurface given by f . Using these properties, together with a maximum
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principle and a Liouville property for f -Laplacian given by Petersen and Wylie ([12]), we can
derive our main results.
2. Preliminaries and Basic Formulas
Throughout this paper, we follow the conventions in [1] regarding differential operators and
the Riemannian curvature tensor R, with the exception of only the Laplacian. We define the
Laplacian by ∆ = −(δd + dδ), the negative operator. For example, ∆ϕ =
∂2ϕ
∂x2
+
∂2ϕ
∂y2
for a
function ϕ : R2 → R.
We start with basic definitions of differential operators acting on tensors. Let us denote by
C∞(S2M) the space of sections of symmetric 2-tensors on a Riemannian manifold M . Let D
be the Levi-Civita connection of (M, g). Then the differential operator dD from C∞(S2M) into
C∞ (Λ2M ⊗ T ∗M) is defined as
dDη(X, Y, Z) = (DXη)(Y, Z)− (DY η)(X,Z)
for η ∈ C∞(S2M) and vectors X, Y , and Z. For a function ϕ ∈ C∞(M) and η ∈ C∞(S2M),
dϕ ∧ η is defined as
(dϕ ∧ η)(X, Y, Z) = dϕ(X)η(Y, Z)− dϕ(Y )η(X,Z).
Here, dϕ denotes the usual total differential of ϕ. Then, it clearly follows that
dD(ϕη) = dϕ ∧ η + ϕdDη.(2.1)
We also define two types of interior product ι and ιˆ for the curvature tensor R, by
ι
V
R(X, Y, Z) = R(V,X, Y, Z), ιˆ
V
R(X, Y, Z) = R(X, Y, Z, V )
for vectors V,X, Y, and Z.
Next, we will describe some basic formulas that can easily be obtained from the Ricci soliton
equation (1.3) which are already well known. From (1.3), we have
∆f = nρ− sg, d∆f = −dsg, ∆sg = −∆
2f.(2.2)
Note that for any smooth function ϕ, we have
δDdϕ = −d∆ϕ− rg(∇ϕ, ·).(2.3)
Taking the divergence of (1.3) and using (2.3), we have
−
1
2
dsg − d∆f − rg(∇f, ·) = 0.(2.4)
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By (2.2) and (2.4), it holds that
ι
∇f
rg = rg(∇f, ·) =
1
2
dsg.
Furthermore, we can see from (2.4) together with the Ricci soliton equation (1.3) that
sg + |df |
2 − 2ρf = C (constant).
Since δrg = −
1
2
dsg, it holds that
1
2
δdsg = −
1
2
〈∇sg,∇f〉 − 〈rg, Ddf〉.
Therefore,
∆sg = 〈∇sg,∇f〉+ 2〈rg, Ddf〉.(2.5)
It follows from (1.3) again that
〈rg, Ddf〉 = ρ∆f − |Ddf |
2(2.6)
and
〈rg, Ddf〉 = ρsg − |rg|
2.(2.7)
Substituting (2.7) into (2.5), we obtain
∆sg = 〈∇sg,∇f〉+ 2ρsg − 2|rg|
2.(2.8)
This implies that a gradient shrinking Ricci solition has nonnegative scalar curvature. In fact, if
min
M
sg = sg(x0), then ρsg(x0) ≥ |rg|
2(x0) ≥ 0. Of course, this fact is well known ([4]). Moreover,
substituting (2.8) into (2.5) and using (2.6), we get
∆(2ρf − sg) + 〈∇sg,∇f〉 = 2|Ddf |
2.
Next, we state some well-known facts that are needed to prove our main theorems.
Lemma 2.1 ([1]). For any Riemannian manifold (M, g), we have
δW = −
n− 3
n− 2
dD
(
rg −
sg
2(n− 1)
g
)
under the identification of T ∗M ⊗ Λ2M with Λ2M ⊗ T ∗M .
Lemma 2.2. For any function f on a Riemannian manifold (M, g), it holds that
dD(Ddf)(X, Y, Z) = 〈R(X, Y )Z,∇f〉 = (ιˆ
∇f
R)(X, Y, Z).
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Before closing this section, we will prove a result concerning the rigidity of complete gradient
shrinking Ricci solitons with constant scalar curvature and weakly harmonic Weyl tensor. In
the compact case, this property is already known. In fact, a compact gradient shrinking Ricci
soliton with constant scalar curvature is known to be Einstein without requiring any condition
on the Weyl tensor. To prove our rigidity, we will require the following theorem given by
Petersen and Wylie.
Theorem 2.3 ([12]). A shrinking gradient Ricci soliton is rigid if and only if it has constant
scalar curvature and is radially flat.
We say that a gradient Ricci soliton (M, g, f) is radially flat if the sectional curvature of the
plane spanned by ∇f and an orthogonal vector to ∇f vanishes.
Theorem 2.4. Let (Mn, g, f) be a complete gradient shrinking Ricci soliton, and suppose that
δW(·, ·,∇f) = 0. If sg is constant, then (M, g) is rigid.
Proof. If M is compact, then (M, g) is Einstein by (2.2). Therefore, we may assume that
(M, g) is complete and noncompact. Since the scalar curvature sg is constant, it follows from
Lemma 2.1 that
δW = −
n− 3
n− 2
dDrg.
Thus,
dDrg(X,∇f, Y ) = −
n− 2
n− 3
δW(Y,X,∇f) = 0(2.9)
for any vectors X and Y . From the soliton equation (1.3) together with Lemma 2.2, we have
dDrg = −d
DDdf = ιˆ
∇f
R,(2.10)
and so for any vectors X and Y , it holds that
dDrg(X, Y,∇f) = 0.(2.11)
The equations (2.9)-(2.11) show that
0 = dDrg(∇f,X, Y ) = R(∇f,X, Y,∇f).
Thus, (M, g) is rigid by Theorem 2.3. 
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3. Ricci solitons with weakly harmonic Weyl tensor
In this section, we will describe some properties for a gradient Ricci soliton with weakly
harmonic Weyl tensor. As mentioned above, one key property of such a gradient Ricci soliton
is that gradient vector fields ∇f and ∇sg are parallel, which implies that all functions, including
the scalar curvature sg and |∇f |
2, are constants along each level set of f . The second result
regarding such gradient Ricci solitons is that the Ricci tensor can be decomposed into the
direction ∇f and its orthogonal direction, which implies that the Ricci tensor has at most two
eigenvalues of multiplicity n− 1 and 1, respectively. This property plays an important role in
investigating the structure of harmonic curvature (cf. [5], [8]).
When the scalar curvature sg is constant, we already know that (M, g) is rigid. Therefore, in
this section, we carry out various computations on gradient Ricci solitons with the assumption
that the scalar curvature sg is nonconstant.
Lemma 3.1. Let (Mn, g, f) be a gradient Ricci soliton with weakly harmonic Weyl tensor.
Then, for any vectors X and Y ,
DY rg(∇f,X) = D∇frg(X, Y ) +
1
2(n− 1)
(df ⊗ dsg − 〈∇f,∇sg〉g) (X, Y ).(3.1)
Proof. It follows from Lemma 2.1, together with the assumption δW(·, ·,∇f) = 0, that
dDrg(Y,∇f,X) =
1
2(n− 1)
dsg ∧ g(Y,∇f,X)
for any vectors X and Y . This is equivalent to (3.1). 
Lemma 3.2. Let (Mn, g, f) be a gradient Ricci soliton with weakly harmonic Weyl tensor.
Then, ∇f and ∇sg are parallel.
Proof. Since
dDrg(X, Y,∇f) + d
Drg(Y,∇f,X) + d
Drg(∇f,X, Y ) = 0
and dDrg(X, Y,∇f) = 0, we have
DXrg(Y,∇f) = DY rg(X,∇f)(3.2)
for any vectors X and Y . Switching the roles of X and Y in (3.1), we get
DXrg(∇f, Y ) = D∇frg(X, Y ) +
1
2(n− 1)
(df ⊗ dsg − 〈∇f,∇sg〉g) (Y,X).
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Comparing this with (3.1), we obtain
〈∇sg, X〉〈∇f, Y 〉 = 〈∇sg, Y 〉〈∇f,X〉
for any vectors X and Y . Thus,
〈∇sg, X〉∇f = 〈∇f,X〉∇sg
for any vector X . 
Denote the set of all critical points of f and sg by Crit(f) and Crit(sg), respectively. Then,
the identity dsg = 2rg(∇f, ·) implies that
Crit(f) ⊂ Crit(sg).
Furthermore, by Lemma 3.2 we have
∇sg = 2rg(N,N)∇f
on the set M \ Crit(f). Here, N = ∇f
|∇f |
. Let
α := rg(N,N),
so that
∇sg = 2α∇f(3.3)
on the set M \ Crit(f). Note that even though α is defined on the set M \ Crit(f), α can be
extended as a C0 function on the whole of M since |α| ≤ |rg|.
Lemma 3.3. Let (Mn, g, f) be a complete gradient shrinking Ricci soliton, and assume that
δW(·, ·,∇f) = 0. Then, for a vector field X orthogonal to ∇f it holds that
rg(X,∇f) = 0.
Furthermore, for unit vector fields X and Y that are orthogonal to ∇f with X ⊥ Y , it holds
that
R(X,∇f, Y,∇f) = 0
and
R(X,∇f,X,∇f) =
1
n− 1
rg(∇f,∇f) =
α|∇f |2
n− 1
.
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Proof. For a vector field X that is orthogonal to ∇f , we have 〈∇sg, X〉 = 0, since ∇sg and ∇f
are parallel. Therefore,
rg(X,∇f) =
1
2
dsg(X) = 0.
Next, by Lemma 2.2 and (3.2) we have
R(X,∇f, Y,∇f) = dDrg(X,∇f, Y )
=
1
2(n− 1)
dsg ∧ g(X,∇f, Y ) = 0,
and
R(X,∇f,X,∇f) = dDrg(X,∇f,X)
=
1
2(n− 1)
dsg ∧ g(X,∇f,X)
=
1
2(n− 1)
dsg(∇f) =
α|∇f |2
n− 1
.

Remark 3.4. As an application of Lemma 3.3, we can show that the Ricci tensor rg has at
most two eigenvalues of multiplicitiy 1 and n − 1. In fact, from the curvature decomposition
(cf. [1]) and Lemma 2.1, we can compute
−
n− 2
n− 3
δW +
1
2(n− 1)
dsg ∧ g −
1
n− 2
ι∇frg ∧ g(3.4)
+
sg
(n− 1)(n− 2)
df ∧ g −
1
n− 2
df ∧ rg = 0.
Let {e1, · · · , en−1, N} be a local frame. Substituting the triple (N, ei, ei) into (3.4), we obtain
−
1
|∇f |
n− 2
n− 3
δW(N, ei, ei) +
sg − α
(n− 1)(n− 2)
−
1
n− 2
rg(ei, ei) = 0.
By considering Lemma 2.1 again, since
−
n− 2
n− 3
δW(N, ei, ei) = d
Drg(ei, e,N)−
1
2(n− 1)
dsg ∧ g(N, ei, ei) = 0,
we have
rg(ei, ei) =
sg − α
n− 1
.
More generally, we can show that
rg(ei, ej) =
sg − α
n− 1
δij, rg(N,N) = α, rg(N, ei) = 0.

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Next, we will show that every geometric quantity, including the function α, is constant along
each level set of f . Let c be a regular value of f , so that Σ = f−1(c) is a hypersurface of M .
Let X be a vector tangent to Σ = f−1(c). Then,
X(|∇f |2) = 2Ddf(X,∇f) = −2rg(X,∇f) = −〈∇sg, X〉 = 0,
since ∇f and ∇sg are parallel. Therefore, |∇f | is constant on f
−1(c).
Let {e1, · · · , en−1, N} be a local frame. Then, by Lemma 3.3 together with the Ricci soliton
equation (1.3), we have
Ddf(N, ei) = 0
for all i = 1, · · · , n− 1. Thus,
DNN = 〈DNN,N〉N +
n−1∑
i=1
〈DNN, ei〉ei
=
n−1∑
i=1
N
(
1
|df |
)
〈∇f, ei〉ei +
n−1∑
i=1
1
|df |
〈DNdf, ei〉ei = 0.
To show that the function α = rg(N,N) is constant along each level hypersurface of f , recall
that (3.2)
DXrg(Y,∇f) = DY rg(X,∇f)
for any vectors X and Y . In particular,
DXrg(∇f,∇f) = D∇frg(X,∇f)(3.5)
for any vector X . Let X be a vector with X ⊥ ∇f . Since DNN = 0, it follows from (3.5) that
1
2
X(α) = X
(
1
|∇f |2
rg(∇f,∇f)
)
=
1
|∇f |2
X(rg(∇f,∇f)) =
1
|∇f |2
[DXrg(∇f,∇f) + 2rg(DXdf,∇f)]
=
1
|∇f |2
[D∇frg(X,∇f) + 2rg(DXdf,∇f)]
=
1
|∇f |2
[∇f(rg(X,∇f))− rg(D∇fX,∇f)− rg(X,D∇fdf)]
= 0.
Thus, α = rg(N,N) is also constant on each level set f
−1(c). Consequently, we have the
following result.
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Lemma 3.5. Let (Mn, g, f) be a gradient Ricci soliton with weakly harmonic Weyl tensor.
Then, f, sg, α, |∇f |
2, and 2rg(∇f,∇f) = 〈∇sg,∇f〉 are all constant along each level hyper-
surface given by f .
As mentioned above, since |α| ≤ |rg|, α = rg(N,N) can be extended as a C
0 function on the
whole of M . The following lemma, in particular, shows that the function α is equal to ρ on the
set Crit(f).
Lemma 3.6. Let (Mn, g, f) be a gradient Ricci soliton with weakly harmonic Weyl tensor.
Then, on the set Crit(f), we have that α = ρ.
Proof. From the Ricci soliton equation (1.3), we have
N(|∇f |2) = 2Ddf(N,∇f) = 2|∇f |(ρ− α).
Thus,
N(|∇f |) = ρ− α.
Since α can be extended as a C0 function on the whole of M , |∇f | can be considered as a
C1 function on the whole of M , including the critical set Crit(f) of f . Since |∇f | attains its
minimum on the set Crit(f), we have N(|∇f |) = ρ− α = 0 on the set Crit(f) . 
Lemma 3.7. Let (Mn, g, f) be a complete gradient shrinking Ricci soliton. If f attains its
(local) maximum at x0 ∈ M , then the scalar curvature sg also attains its (local) maximum at
the point x0.
Proof. Recall that for a gradient shrinking Ricci soliton (M, g, f),
sg + |∇f |
2 − 2ρf = C(constant).
If f attains its local maximum at x0 ∈ M , then ∇f(x0) = 0, and so at any point x near x0 we
have
sg(x0) = C + 2ρf(x0) ≥ C + 2ρf(x) ≥ C + 2ρf(x)− |∇f |(x) = sg(x).

Proposition 3.8. Let (Mn, g, f) be a complete gradient shrinking Ricci soliton, and assume
that δW(·, ·,∇f) = 0. Then,
∆α = N(α)|df |+ 2ρα−
2α(s− α)
n− 1
.
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Proof. Let {e1, · · · , en−1, N =
∇f
|∇f |
} be a local frame, and let Rij = rg(ei, ej) so that α := Rnn =
rg(N,N). It has been shown in [6] that
∆α = 〈∇α,∇f〉+ 2ρα− 2
∑
k,l
RnknlR
kl.
Finally, from Lemma 3.3 it is easy to see that
∑
k,l
RnknlR
kl =
α
n− 1
n−1∑
k=1
Rkk =
α
n− 1
(sg − α).

4. Proof of Main Theorems
In this section, we shall prove our main results.
Theorem 4.1. Let (Mn, g, f) be a compact gradient shrinking Ricci soliton with weakly har-
monic Weyl tensor. Then, (M, g) is Einstein.
Proof. Let
max
x∈M
f(x) = f(x0).
By Lemma 3.7, the scalar curvature sg also attains its maximum at x0, i.e.,
sg(x0) = max
M
sg.
Thus, if ∆f(x0) = 0, then sg ≤ nρ, because ∆f = nρ− sg. This shows that f is a subharmonic
function, and so it must be constant. Hence, (M, g) is Einstein.
We claim that
∆f(x0) = 0.
From ∇sg = 2α∇f , we have
1
2
∆sg = 〈∇α,∇f〉+ α∆f = 〈∇α,∇f〉+ α(nρ− sg).(4.1)
The equation (2.8) can be rewritten as
1
2
∆sg = α|∇f |
2 + sg
(
ρ−
sg
n
)
−
∣∣∣rg − sg
n
g
∣∣∣2 .(4.2)
Therefore,
α|∇f |2 = n
(
α−
sg
n
)(
ρ−
sg
n
)
+
∣∣∣rg − sg
n
g
∣∣∣2 + 〈∇α,∇f〉.(4.3)
Thus, at the maximum point x0 of f , we have from by Lemma 3.6 that
rg =
sg
n
g
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and
α = ρ =
sg
n
.
Thus,
rg =
sg
n
g = ρg
at the point x0, and so Ddfx0 = 0 by the Ricci soliton equation (1.3). Hence, ∆f(x0) = 0 and
so sg is constant.

Let (Mn, g, f) be a noncompact gradient shrinking Ricci soliton. To prove Theorem B, we
need the following Liouville property for f -Laplacian functions, which are shown by Petersen
and Wylie([12]). The f -Laplacian of a function u on M is defined by
∆fu = ∆u− 〈∇f,∇u〉.
Lemma 4.2 ([12]). Any nonnegative function u with ∆fu ≥ 0 that satisfies
lim
r→∞
(
1
r2
∫
B(p,r)
uke−f dvg
)
= 0(4.4)
for some k > 1 is constant.
Using Lemma 4.2, we can prove the following corollary.
Corollary 4.3 ([12]). Let (M, g, f) be a complete gradient Ricci soliton. For a function u :
M → R, let
Ωu,C := {x ∈M : u(x) ≥ C}.
If ∆fu ≥ 0 on Ω and satisfies (4.4), then u is either constant or u ≤ C.
Theorem 4.4. Let (Mn, g, f) be a complete noncompact gradient shrinking Ricci soliton with
weakly harmonic Weyl tensor. Then, (M, g) is rigid.
Proof. Let
Ω := {x ∈M : ρ∆f − |Ddf |2 < 0}.
First, assume that Ω = ∅. Let u := 2ρf −|df |2. Using the identity (3.3), we can easily compute
the following:
∆fu = ∆f(2ρf − |df |
2) = 2
(
ρ∆f − |Ddf |2
)
.(4.5)
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Since Ω = ∅, we have
∆fu ≥ 0.
We can also easily see that the function u = 2ρf − |df |2 satisfies (4.4) for some k > 1 (in fact,
for any k > 1). Thus, by Lemma 4.2, u = 2ρf − |df |2 is constant. Since it is well known
that 2ρf − |df |2 = sg + C, it follows that the scalar curvature sg must be constant. Therefore,
(M, g, f) is rigid by Theorem 2.4.
Now, assume that Ω 6= ∅. In this case, we can compute
∆f (e
−sg) = 2e−sg
(
|Ddf |2 − ρ∆f + 2α2|df |2
)
.
Therefore, ∆f (e
−sg) ≥ 0 on the set Ω, and the function e−sg satisfies (4.4) obviously. Note that
on the set Ω, it trivially holds that e−sg > 0. By Lemma 4.3, e−sg is either constant or e−sg ≤ 0.
Because the latter condition is impossible, e−sg must be constant, and so is sg. Hence, (M, g, f)
is also rigid in this case.

Remark 4.5. When a gradient shrinking Ricci soliton (M, g, f) does not satisfy the weakly
harmonic Weyl condition (1.4), we cannot be sure whether (4.5) holds or not. In fact, there
are gradient shrinking Ricci solitons whose scalar curvatures are not constant.
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